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Magnetic field induced luminescence spectra in a quantum cascade laser
V.M. Apalkov and T. Chakraborty
Max-Planck-Institut fu¨r Physik Komplexer Systeme, Dresden, Germany
We report on our study of the luminescence spectra of a quantum cascade laser in the presence of
an external magnetic field tilted from the direction perpendicular to the electron plane. The effect of
the tilted field is to allow novel optical transitions because of the coupling of intersubband-cyclotron
energies. We find that by tuning the applied field, one can get optical transitions at different energies
that are as sharp as the zero-field transitions.
The unipolar quantum cascade laser (QCL) [1–3] is
the product of ingenious quantum engineering that ex-
ploits the properties of electrons confined in semiconduc-
tor nanostructures. As yet, this is the only high power
semiconductor laser that operates at and above room
temperature in the mid-infrared range [4–9]. Intense in-
terest on this system derives from its technological im-
portance in trace-gas analysis, in particular, for environ-
mental control, remote chemical sensing, pollution mon-
itoring, non-invasive medical diagnostics, etc. [7]. Here
we study the novel effects of a tilted magnetic field on
a QCL where the coupled intersubband-cyclotron transi-
tions are allowed [10,11]. We find that as the subbands
quantize into discrete Landau levels, new luminescence
peaks appear that correspond to those transitions. The
peaks exhibit a prominent red shift but can be made as
sharp and large as the zero-field case by tuning the ap-
plied field.
The system we have studied here is sketched schemat-
ically in Fig. 1, where a GaInAs quantum well of 7.4 nm
width is sandwiched between two AlInAs tunneling bar-
riers. When a suitable bias is applied, electrons tunneling
through the upstream barrier generate photons and es-
cape quickly to the next well through the downstream
barrier. Superlattice structures on both sides of the ac-
tive region act as electron injector or Bragg mirrors and
control the rate of electron escape [1–3]. The operating
wavelength of the lasers is determined by the quantum
confinement rather than the bandgap of the materials.
An externally applied magnetic field tilted from the
direction perpendicular to the electron plane is a well-
studied problem experimentally as well as theoretically,
in the context of quantum Hall effects [10]. For a mag-
netic field tilted from the z direction the perpendicu-
lar and parallel motions of electrons are coupled and as
a result, transitions between different Landau levels of
the ground and upper subbands become possible. Inter-
estingly, the perpendicular component of the tilted field
provides magnetic quantization, somewhat analogous to
the situation proposed for a quantum-dot cascade laser
[12,13] where the quantization of the planar motion is
due to replacement of the quantum wells by quantum
dots [14]. The Hamiltonian of the system in a tilted field
is
H = H⊥ +H‖ +H
′
z
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FIG. 1. Energy band diagram (schematic) of the active re-
gion of a quantum cascade laser structure under an average
applied electric field of 55 kV/cm. Only one period of the
device is shown here. The relevant wave functions (mod-
uli squared) as well as the transition corresponding to the
laser action are also shown schematically. The numbers (in
nm) are the well (Ga0.47In0.53As) and barrier (Al0.48In0.52As)
widths. Material parameters considered in this work are:
electron effective mass m∗e (Ga0.47In0.53As)=0.043 m0, m
∗
e
(Al0.48In0.52As)=0.078 m0, the conduction band disconti-
nuity, U0 = 520 meV, the nonparabolicity coefficient,
γw = 1.3 × 10
−18 m2 for the well and γb = 0.39 × 10
−18
m2 for the barrier, and the sheet carrier density induced by
doping, ns = 2.3×10
11 cm−2. The energy difference between
the two levels where the optical transition takes place, is 132
meV. All computations were performed at T = 50 K.
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where
H⊥ =
1
2m∗
p2z + Veff(z) +
h¯2
2m∗
z2
ℓ4‖
H‖ =
1
2m∗
[
p2x +
h¯2
ℓ4⊥
(x+X)2
]
H′ =
h¯
m∗
zpx
ℓ2‖
with X ≡
py
h¯ ℓ
2
⊥ the center coordinate of the cyclotron
motion and ℓ2‖ = ch¯/eHy, ℓ
2
⊥ = ch¯/eHz are the mag-
netic lengths. Here we have chosen the Landau gauge
vector potential, A = (Hyz,Hzx, 0). The magnetic field
is therefore in the y − z plane and Hy = H sin θ,Hz =
H cos θ, θ is the tilt angle and H is the total magnetic
field [10].
The effective potential is made up of the (i) con-
finement potential, (ii) Hartree potential, and the (iii)
exchange-correlation potential [15]. The wave func-
tions of the Hamiltonian H⊥, which depend only on z-
coordinate are obtained from
H⊥ψn = Enψn(z).
Solutions of this equation determine the energy levels and
wave functions of the subbands. The total Hamiltonian
is diagonalized by choosing the basis wave functions
Ψn,N,X = L
− 1
2 exp
(
−i
X
y
ℓ2⊥ − i
znn
ℓ2‖
(x −X)
)
× ξN (x−X)ψn(z)
ξN (x) = i
N (2NN !π
1
2 ℓ⊥)
−1/2HN
(
x
ℓ⊥
)
exp
(
−
x2
2ℓ2⊥
)
znm =
∫
dz ψn(z) z ψm(z)
where HN (x) is the Hermite polinomial. The Hamilto-
nian matrix elements (n′N ′X ′|H|nNX) are then calcu-
lated in this basis. The matrix is diagonal in X . To
calculate the wave functions we use three subbands and
20 Landau lebels on each subband.
Once we diagonalize the Hamiltonian the chemical po-
tential is then obtained from the equation
Ns =
2
2πℓ2⊥
∑
N
1
exp(β(E2,N − µ)) + 1
where E2,N is the energy of N -th Landau level in the
second subband (only the second subband is occupied).
The optical spectra are calculated as follows [11]: Optical
transitions occur between Landau levels of the second
and first subbands. We introduce the variables that are
proportional to matrix elements of optical transitions
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FIG. 2. Luminescence spectra at various values of the par-
allel component of the magnetic field (numbers by the curves
in tesla) for a fixed value of the perpendicular component of
the field.
u(N,N1) =
1
eF
(
2m∗
h¯2
)− 1
2 (1, N |H∗|2, N1)
(E2,N1 − E1,N )
2 − (h¯ω)2
× {f(E2,N1)}
1
2
whereH∗ is the change of Hamiltonian due to an external
electric field F in the z direction, and f(ε) is the Fermi
distribution function. Note that we consider the first
subband as empty. The emission spectrum is related to
u(N,N1) through
I(ω) ∝ ω
1
2πℓ2⊥
∑
N,N1
z1,2 {f(E2,N1)}
1
2 ℑ(u(N,N1))
where ω is the frequency of the emitted photon.
Intensity of the optical emission is determined by the
dipole matrix elements between initial (before emission)
and final (after emission) states of the multi-electron sys-
tem. In dipole transitions the transition intensity is pro-
portional to the overlap between (x, y)-dependent parts
of the wave functions of the initial and final states [14].
For a vanishing perpendicular magnetic field this results
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in conservation of the two-dimensional momentum in the
optical transition. For non-zero perpendicular magnetic
fields the states of the two-dimensional electrons are clas-
sified by two numbers: the Landau level index and by
a number that distinguishes the degenerate states of an
electron within a Landau level, for example, by x compo-
nent of the momentum. The energy of the single electron
system depends only on the number of the Landau level,
and the wave functions are harmonic oscillator functions
whose center is determined by the x component of the
momentum. If the magnetic field is directed perpendicu-
lar to the two-dimensional layer then optical transitions
are allowed only between the states with the same two-
dimensional quantum numbers. In this case we will have
a single line which corresponds to the optical transitions
between states with the same Landau level index.
Introduction of a non-zero parallel magnetic field in y
direction results in modification of the wave function in a
Landau level: the position of oscillator wave functions is
now determined by y component of the momentum and
also by average position of the electron in z direction,
〈z〉 that depends on the number of subbands. Figure 1
illustrate this dependence. Electrons in the first subband
and in the second subband are localized in the quantum
wells 7.4 nm and 4.2 nm, respectively. This opens up the
possibility for optical transitions between different Lan-
dau levels and at the same time it suppresses the optical
transitions between the states with the same Landau level
indices.
Evolution of the emission spectra as a function of the
tilted magnetic field and tilt angle are illustrated in Figs.
2 and 3. In Fig. 2, the optical spectra are shown for three
values of the perpendicular component of the field and for
different values of parallel component of field for a fixed
Hperp. Clearly, for small Hperp (Fig. 2a), the emission
spectra do not feel the Landau quantization and we have
a single peak which broadens with increasing Hpar. For
higher fields such as Hperp = 5 tesla (Fig.2b), we find
new features in the emission spectra. For a small parallel
field, Hpar = 1 tesla, main transitions are between the
states with the same Landau index, hence a single peak
that corresponds to transitions from the zeroth Landau
level of second subband to that of the first subband. An
increase of the parallel field makes transitions to higher
Landau levels more intense. Appearance of a shoulder
at Hpar = 5 tesla corresponds to transitions to the first
Landau level of the first subband. Similarly, peaks at
Hpar = 10 tesla and 15 tesla correspond to transitions
from zeroth Landau level of the second subband to the
higher Landau level of the first subband. The energy sep-
arations between the peaks are equal to the separations
between Landau levels of the first subband. In Fig. 2c,
transitions to non-zero Landau level become more intense
and we observe an interplay between the transitions to
zero and to the first Landau levels with increasing paral-
lel field. For a small Hpar (Hpar = 1 tesla), there is only
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FIG. 3. Luminescence spectra at various values of the tilt
angle (numbers by the curves) for a fixed value of the total
magnetic field.
a strong transition to zeroth Landau level. For Hpar = 5
tesla, we observe the appearance of a small peak that cor-
responds to transitions to the first Landau level, and for
Hpar = 10 tesla and 15 tesla, transitions to the first Lan-
dau level become strongest and we observe the formation
of a new narrow peak that corresponds to a transition to
the first Landau level.
In a recent experiment by Blaser et al. [16], QCL based
on photon-assisted tunneling transition was subjected to
a parallel field of upto 14 tesla. The luminescence spec-
tra showed a broadening of the peak but almost no shift
(a very tiny blue shift was observed) with an increas-
ing parallel field. Broadening of the luminescence peak
with increasing parallel field is also visible in Fig. 2(a)
where the perpendicular field is rather small, but the ex-
perimentally observed broadening is much more rapid. In
addition, there is a strong red shift in Fig. 2(a) that is not
visible in the observed spectra. In the present scheme, a
red shift seems to be quite natural in the single-electron
picture [17,18]. The change of the wave function due to
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a parallel field (Hpar < 10 tesla) is small for the first and
the second subbands. Magnetic field changes the energy
spectrum because of a shift of the parabolic energy dis-
persion by a value that is proportional to the field. This
results in a broadening and red shift of the emission spec-
trum without the many-body effects. The many-body
effects changes the results only slightly and results in a
blue shift (∼ 4 meV) of the emission spectra that is in-
dependent of the applied magnetic field. The observed
total intensity of emission line gets smaller with higher
parallel fields. At 10 tesla, it is smaller than its value
at zero field (I0) by 45% (0.55 I0) [19]. In contrast, our
calculated values indicate a reduction by 16% (0.84 I0).
In our present scheme, the small blue shift (or almost
absence of any shift) observed in [16] in a strong paral-
lel field cannot be explained by many-body corrections,
because these corrections in samples of [16] are small
and have a weak magnetic field dependence. The weak
magnetic field dependence of many-body effects was also
demonstrated in [20] for much wider quantum wells (30-
46 nm) where one expects even larger magnetic field de-
pendence than for narrow wells. One possible explana-
tion of the observed results of [16] might be due to the
presence of disorder in the system which tends to local-
ize the two-dimensional electrons [21] and thereby break
the conservation of momentum in the optical emission.
Magnetic field tends to delocalize the states which can
result in a decrease of emission intensity and widening of
the emission lines. Our present results would, of course,
be valid for disorder-free high-mobility systems.
In Fig. 3, the emission spectra are shown for three val-
ues of the total magnetic field H and for different values
of the tilt angle at a fixed H . For a small field (Fig. 3a)
we have a red shift of the emission spectra with increas-
ing parallel field (i.e., increasing tilt angle). For θ = 45◦
there is a weak structure resulting from the Landau quan-
tization. At higher fields (Fig. 3b,c), one observes the
evolution of the emission spectra from a broad peak at a
large angle, θ = 80◦, (large parallel field and a small per-
pendicular field) to a single narrow peak for small angle.
In the latter case, the parallel component of the magnetic
field is small and all optical transitions are transitions
between the Landau levels with the same index. For an
intermediate tilt angle, there are two peaks that corre-
spond to transitions from the zeroth Landau level of the
second subbband to zeroth and the first Landau levels of
the first subband. The intensity of transition to the first
Landau level increases with increasing angle which means
an increase of the parallel field. It has its maximum at
θ = 45◦ and for total magnetic field of H = 21 tesla one
observes the formation of a strong narrow peak at θ = 45◦
associated with a suppression of the original peak corre-
sponding to the transition to zeroth Landau level of the
first subband. This is the same peak as shown in Fig.
2 for Hperp = Hpar = 15 tesla. From these results, we
conclude that by suitably tuning the externally applied
tilted field, lasing due to coupled intersubband-cyclotron
transitions that is as strong as the zero-field case (but
at different energies) can be acheived. Although for the
present system the magnetic fields where the novel tran-
sitions take place are rather high, by suitably engineering
the device parameters these transitions can be made to
occur at lower fields.
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